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Abstract. A variant of the case-cohort design is proposed for the situation in which a correlate of the exposure
(or prognostic factor) of interest is available for all cohort members, and exposure information is to be collected
for a case-cohort sample. The cohort is stratified according to the correlate, and the subcohort is selected by
stratified random sampling. A number of possible methods for the analysis of such exposure stratified case-cohort
samples are presented, some of their statistical properties developed, and approximate relative efficiency and
optimal allocation to the strata discussed. The methods are compared to each other, and to randomly sampled
case-cohort studies, in a limited computer simulation study. We found that all of the proposed analysis methods
performed well and were more efficient than a randomly sampled case-cohort study.
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1. Introduction

As proposed by Prentice (1986), a case-cohort study for failure time data consists of a
random sample from the cohort, the subcohort, and any additional cases notin the subcohort.
Covariate information is collected on this sample, rather than the entire cohort. Using a
case-cohort design can be very cost-efficient in that a sample much smaller than the full
cohort generally results in only a small loss in statistical efficiency. Because the same
subcohort may be used as a control group for multiple outcomes, it is particularly well
suited for clinical studies in which various clinical outcomes, such as relapse or death, are
evaluated with respect to a fixed set of prognostic factors or treatments.

Recently, “two-stage” designs have been proposed in which exposure-related information,
available on the entire study group, is used to obtain a sample that is more informative about
exposure-related questions than simple random sampling. Here, we are using the term “ex-
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posure” loosely to refer to a factor that is of primary interest in the study. This could be some
agentthatis believed to play arole in causing disease or a treatment to be investigated. Strat-
ified sampling by a correlate of the exposure results in large efficiency gains for unmatched
case-control studies (Breslow and Cain, 1988) and in nested case-control samples using the
counter-matching method (Langholz and Borgan, 1995). The success of these designs mo-
tivated us to explore whether analogous methods would be advantageous for case-cohort
sampling. In such a design the subcohort would consist of subjects randomly sampled
within two or more exposure-related strata, typically with some strata disproportionately
represented. For example, PCR analysis is an accurate, but expensive, way to assess the
viral load among HIV infected patients and, thus should be a good predictor of time to AIDS
and to death. There are other less accurate, but much less expensive, assays that measure
viral load such as the level of P-24 antigen. Thus, a natural study design to investigate the
prognostic value of PCR analysis would be to determine P-24 levels in a cohort of HIV
infected patients and select a subcohort which over-samples subjects with high P-24 values.

It is not completely clear how one should analyze a stratified case-cohort study. In this
paper, therefore, we investigate a number of potential strategies for analyzing case-cohort
data where the subcohort is selected by stratified random sampling, and compare their
performance relative to each other and relative to the existing methods for analyzing case-
cohort data with simple random sampling of the subcohort. The estimators we consider
are described in Section 2. All of these are based on a pseudo-likelihood in the spirit
of Prentice (1986). In Section 3 we investigate which of the proposed estimators are
score-unbiased in the sense that the expectation of the pseudo-score (i.e. the derivative of
the log-pseudo-likelihood) is exactly equal to zero at the true parameter value. Asymptotic
distribution properties are derived in Section 4, and relative efficiency and optimal allocation
of individuals from the strata are considered in Section 5. The performance of the estimators
is compared in a small simulation study described in Section 6, while Section 7 offers some
additional comments and a discussion of future research directions.

2. Pseudo-Likelihood Estimators

We assume throughout that failures in the cohort occur according to Cox’s (1972) propor-
tional hazards model, where the hazard function for a subject with vector of covaiates
is given by

a(t; Z) = ao(t) explBeZ (1)} )

Here the baseline hazasg(t) corresponds to the hazard for an individual with covariate
vector identically equal to zero, while the regression coefficiggtmeasure the effect of
the covariates. We denote hy< t; < - - - the times when failures occur and, assuming no
tied failures, we let; be the index of the failure at tinte.

The subcohort is selected by stratified random sampling as follows. Based on information
which is available for everyone, the cohort is partitioned ihtgtrata. We then select
by random samplingn subcohort members without replacement fromnheubjects in
stratuml. The subcohor€ consists of then = >, m, individuals selected from the
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strata. Covariate information is collected for all failing individuals (cases) as well as for the
non-failures in the subcohort. Covariate information for non-failures outside the subcohort
is, however, not collected.

The estimators fof3, considered in this paper, are all based on maximizing a pseudo-
likelihood function of the form

exp{B'Z;; (tj)}wi, ()
Zkeﬁ(tj ) () exp{B'Z () }wk(t) |

L(B) = )

Hereﬁ(tj) is a “case-cohort set” which may depend on the failure tiand the casg,

Yk(t) is an at risk indicator for subje&t andwy(t;) is a weight for this individual which

does not depend qi but may depend ofy andR(t;). The various estimators differ in the
choice ofwy(t)) andR(tJ) and we deflne the estimators in terms of these. For the special
case of no stratification (i.&. = 1), Prentice’s (1986) original suggestion corresponds to
wk(tj) = 1 andR(t) = C U {ij}, the subcohort augmented with the case when it occurs
outside the subcohort. Self and Prentice (1988), for the purpose of studying large sample
properties of Prentice’s estimator, considered the asymptotically equivalent modification
WhereR(tJ) =C only includes the case when it happens to occur inside the subcohort.

We will consider three different type of estimators for the stratified case-cohort design.
The idea underlying the first two is to simply replace the denominator of the full cohort
partial likelihood by an unbiased estimator computed from the case-cohort sample. We
let D be the set of all cases, and writ andm?, respectively, for the total number of
non-failures in stratunh and the number of these which belong to the subcohort. Then,
with s(k) the sampling stratum of individu#l the first two estimators are given by

Estimator I:ﬁ(t,—) = 5andwk(tj) = Ng(y/ Msk)

Estimator Il:fé(tj) =CuD andwy(tj) = {1S<k>/ms<k> 'Il; t 2 %\ p

Estimator | is the natural generalization of Self and Prentice’s (1988) estimator to stratified
sampling, and it was considered in an unpublished Ph.D.-thesis by one of the authors
(Samuelsen, 1989). In the spirit of Kalbfleisch and Lawless (1988), Estimator Il includes
all at risk cases in the denominator weighted with one to reflect that they are included in
R(t;) with probability one. A similar approach was adopted in a recent paper by Kulic
and Lin (1998) on case-cohort methodology for additive hazards regression models. Note
that Estimator 1l can be considered the special case of Estimator | in which the stratum
definitions also depend on outcome, thus making stratum on its own and redefining the
stratal =1, ..., L by excluding the cases.

As discussed more closely in Section 3, Prentice’s (1986) estimator is score-unbiased,
while this is only approximately the case for Self and Prentice’s (1988) suggestion and
the Estimators | and Il. Further, Prentice’s choRét;) = C U {i;} is score-unbiased for
stratified sampling only if, when the case occurs outside the subcohort, only the subcohort
members in the same sampling stratum as the case are included in the denominator. This is
clearly an inefficient estimation method. It turns out that we can obtain score-unbiasedness
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as well as an effective use of the information from the subcohort in the following way. Let
J be a randomly selected subject among the subcohort members from dtrathien our
third estimator is

. ) N ~ o C ifijeC

Estimator 11: wi(tj) = Nsg)/Msy andR () = {C~U i\ (3sa)) i ¢C~
Note that in this estimator, if the case occurs outside the subcohort, the subcohort member
Jsi;) swaps place with the case so that the ¢aieinside the “case-cohort sek (t;) while
the “swapper”Jy, is removed from this set.

In all of Estimators I-11l, the weights depend on the number of individuals in the strata
and the number of subjects sampled from these at entry to the studyt i-e.GatHowever,
as time proceeds the number at rigk(t), in stratuml will differ from n;, as will the
number at riskm; (t), in the subcohort from this stratum differ from. This suggests a
modification of the above estimators. In Estimator | we replace the weighfgmsy, by
the time-dependent ones (tj) = nsq (tj)/Msq (t)). The same modification takes place
for Estimator 11, but, when the case occurs outside the subcohort, we also régigty a
time-dependent “swappeds) (tj) sampled at random among those at risk in the subcohort
from the case’s stratum. Finally for Estimator Il we replace the weights/mg, for the
non-failing individuals bywi(tj) = 3y, (tj)/m,, (t;), wheren(t) andm’(t) are the total
number at risk at, respectively, among the non-failures in stratuand the number of
these which belong to the subcohort. As for counter-matching, if the categoric stratification
variable is the only covariate in the model, each of these time dependent weight variants
yields the full cohort partial likelihood. Thus, in this sense these estimators bring the
full cohort marginal information from the exposure-related stratification variable into the
sample.

3. Unbiasedness Considerations

In order to study score-unbiasedness for estimators based on pseudo-likelihoods of the
form (2), we need to define our statistical model more carefully. We first describe the
model for the full cohort assumed to consistof ", n, individuals. For that purpose we

fix throughout a time interval [Cr], and following the counting process formulation of the
Cox model as given by Andersen and Gill (1982), weNgtY;, andZ; be the counting, at
risk, and covariate processes for fltie subject in the cohort. As is usual, we assume that
there is a non-decreasing family®falgebrag’; ):[o,-; such that the\; are(?;)-adapted

and theY; andZ; are predictable with respect t@{;). Thus?H; is the “cohort history”
including failure time, censoring, and covariate information up to tinhe(H;)-intensity
process,; of N; is given heuristically by (t) dt = P{dN;(t) = 1 | H;_}, where \; ()

is the increment ofN; over the small time intervak[t + dt). Assuming censoring to be
independent (Anderseaat al. 1993, Section 111.2.2), (1) yields the intensity process

Ai (1) = Yi(Dao(t) exp{BeZi (1)} €)
for N;.
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Now that a model for the cohort has been given, we describe how the sampling of the
subcohort may be superimposed onto this model. To keep our presentation simple, we
restrict our attention to the situation where the weights do not depend on time(tg.=
wg in (2), and assume that the stratification and the weights are based on information
available at entry to the study. Thus our formulation covers Estimators | and lll, while this
is not the case for Estimator Il. At the end of this section, we comment upon why Estimator I
is not covered by our general set-up, and indicate how our results may be modified to cover
the time-dependent modifications of Estimators | and 11l mentioned in the last paragraph of
Section 2.

We introduceS; for the subset of the cohort members who belong to stratsmthat
n = |S|. Since stratification is assumed to depend on information available at time zero,
the S will be Ho-measurable. Further we @t be the power set ofL, 2, ..., n}, i.e. the
set of all subsets dfL, 2, ..., n}, and introduce

C={ceP:.cNnS§|=m,I=1,...,L}

for the set of possible sampled subcohorts. Finally we let

L
n(c):P(C~=c)=1/l_[ (:1:) 4)
1=1

for ¢ € C, be the sampling distribution for the subcoh@rt

The sampling of the subcohort will induce extra random variation. In order to take care of
this, we will now have to work with the enlarged family@falgebrag 7 ):<o, -] Obtained by
augmenting the “cohort history” by the sampling information (at time zero). This may have
the consequence thatthe intensity processes corresponding to the counting pigaesses
change, i.e. theifF;)-intensity processes may differ from thé&ik;)-intensity processes
(3). To rule out such possibilities we need to assume thataheling is independeirt the
sense that the additional knowledge of which individuals have been selected to the subcohort
does not alter the failure intensities. ThyslR; (t) = 1| /_} = P{dN;(t) = 1| H;_} so
that the(F;)-intensity processes of tHg, are also given by (3).

We are then in a position to take a closer look at the pseudo-likelihood (2) and the
corresponding pseudo-score. To this endidebe the “case-cohort set” to be used when/if
individuali fails. Thus for simple random sampling (i.&.,= 1) Prentice (1986) and Self
and Prentice (1988) considered the choiRgs= C U {i} andR; = C, respectively. The
latter is also the one used for Estimator I, whRg = C U {i} \ {Js)} for Estimator IlI.

Note that with this notatiofR(t;) = R, so that (2) may be reformulated as

~ AN; (1)
= . explB'Zi ()} wi (Ri)
L(PB) = _
7 tel[;,[r] .11 |:Zk€7"€i Yie(t) eXp{ﬁ/Zk(t)}wk(Ri)j|

where we have writtemy = wk(ﬁi) for the weights in order to emphasize that these may
depend on the sef8;. For simple random sampling Prentice (1986) and Self and Prentice
(1988) both used the weights, = 1, while in Estimators | and Il = Nggy/Ms). It
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should be noted that for all these estimators,?ﬁaeand thewyx = wk(ﬁi) are known at
time zero, i.e. they arg&y-measurable.
Introduce forr € P the notation

S2B.1) =Y Yi(®) exp(B'Zi(t) Jwx (), (5)
ker

SPB, 1) =) Yu)Zk(t) explB Zi(t) }wi (1), (6)
ker

E 8.1 =SV (8, H/5%B. v). )

Then the pseudo-score becomes
0) = 51002 = [ Z [z -5 3.0] an o, ®

and the maximum pseudo-likelihood estimafﬁtjs the value of3 which maximizes (2) or
solvesU(3) = 0. Let us then evaluate the expected value of the pseudo-score at the true
parameter vectgB, and consider conditions for score-unbiasedness. Using (3), it is seen
that the pseudo-score @f may be written as

0@ = [ 3-{2i0 - Ex 6 b o

[ Z i) ~ E5 (30, ] Y0 expiBzi D)o 0 o, ©
i=
where by standard counting process theory (e.g. Andezseh 1993, Section 11.4.1)
the M (t) = N;(t) — fé Ai(u) du are orthogonal local square integralgfg )-martingales.
SinceZ; (+) andEﬁi (B, *) are(Fy)-predictable processes, the first term on the right hand
side of (9) is a vector valued stochastic integral, and therefore a local square integrable
(Fy)-martingale. In particular, the expected value of this term is zero. (Here and below we
tacitly assume that all expectations considered actually do exist.)

To investigate the expected value of the second term on the right hand side of (9), note
that by taking expectation over the sampling, conditional on the entire cohort history, we
get for each € [0, 7]

D E(Ex (Bo, DI} () explBZi (1))

i=1
=Y 1D EBo. PR = 1) Yi (1) expiBeZi (1)} (10)
i=1 (reP

> ker Ye(DZi (1) exp{BoZi(t) Jwi(r) y 5
= E Y (t ZiOIP(R; =
2 T M Bzl o VO SARAOIPR =D

D ker Yk(OZ () exp{BoZ (1) yw (1) / B
Yi(t ZiOPR; =1).
+; wer Ye(D) eXplBpZi(t)}wi (1) I; (t) exp{BoZi (DI r
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Here RR; = r) may be derived from the subcohort distribution (4) and the relation between
the subcohorf and the set®;, cf. below. In general, it does not seem possible to give a
simple expression for (10). However, for an important special case this is possible, namely
when the following two conditions are fulfilled:

For all k andr € P we have:
(A) P(Ry=r)=0fork &r.
(B) P(7~zk =r) = constr)wg(r) fork e r.

Note that Condition A requires the cases to be included in the “case-cohort sets,” while
Condition B assumes the weighig = wi(R;) to be proportional to the probability of
selectingR; as the “case-cohort set” h&deen the failure.

When Condition A is fulfilled, the second term at the right hand side of (10) vanishes.
Moreover, introducing?c = {r € P: k € r} and using Condition B, the first term equals

Y3 ®Zi(t) expiBuZimIP(Ry = 1)

reP ker

=Y Ye®Zk(t) explByZi(t)} Y P(R =)
k=1

rePy
= Z Y1) Zk (t) exp{BuZk (1)}
k=1

since Rﬁk = r) is a probability distribution over setsin Py. Thus if Conditions A and B
are fulfilled,

Y EER (Bo. V) | HYi®) expiBeZi (D) = Y Y Zit) expiBpzic)) (1)
i=1 k=1

so that the expected value over the sampling of the second term at the right hand side of (9)
is zero. Therefore Conditions A and B are sufficient for the pseudo-score to have expected
value zero. We conjecture that they are necessary as well.

Let us then investigate the implications of this result for the estimators mentioned earlier.
Note first that for simple random sampling, ile= 1, Self and Prentice’s estimator does
not include the case in the “case-cohort set” and hence is not score-unbiased. Prentice’s
estimator, however, does include the case, and o, we find

PRk=r) = PC=r)+PC=r\{k}

n\ * n\ *
= (m) |(|r|:m)+<m) I(rl =m+1).

Here the first term on the right hand side corresponds to the situation Witeeemember

of the subcohort, while the second corresponds to the situation \lieret a member. It

is seen that Prentice’s estimator fulfills Conditions A and B and hence, as noted by Prentice
(1986), is score-unbiased.
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Now, consider stratified sampling, where the subcofioig selected according to the
sampling probability (4). First note that Estimator | does not include the non-subcohort
cases in their “case-cohort sets”, so this estimator is not score-unbiased. Next, consider the
situation wheré?; = C U {i}. By a similar reasoning as just given for Prentice’s estimator,
we get forr € P,

PRk =1) = 7(r) + 7(r \ {k}).

To see the implications of Conditions A and B, letorrespond to the case so that
Pi. If thenr € C, i.e. the case occurs within the subcohontRR = r) = = (r) and
Conditions A and B are fquiIIeg for the weights, = 1. However, ifr ¢ C, i.e. the case
occurs outside the subcohor;& = r) = = (r \ {k}) which is zero except wheihandk
belong to the same stratum. Thus score-unbiasedness can only be obtained if all non-zero
weights are just one, but, if the case is not in the subcohort, only subcohort members in the
same sampling stratum as the case are included in the denominator. Itis seen that the reason
why score-unbiasedness leads to this clearly inefficient estimator ®hea C U {i}, is
that the structure of the case-cohort sets gives too much information about the case when it
occurs outside the subcohort (Pogoda, 1993).

This motivated the construction of our Estimator Ill, which may be given as follows.
Conditional on the chosen subcohdttwe select at random (in principle, at time zero),
a “swapper’J e cn S for each stratunh. Thus RJ = j | C = ¢) = 1/m, for each
j e cnS. Then, forr € CN Py,

PRc=1)=PC=r)+ Y PC=rU{j}\ (K} J = J),
j

where the sum is over ajl € r with s(j) = s(k). Now for all suchj

PC=rU{j}\ 1k} Jstg = ) = m(r U1\ {KD/ Mg = 7(r)/ M,
with 7z (r) given by (4). Since the sum ov@rhasng, — Mg, terms this gives

s(k)

PRk =r) = ()= .

Thus we have proved that Conditions A and B hold for the “swapper approach,” so Estima-
tor 11l is score-unbiased.

To simplify the presentation, we have in this section assumed the weights not to depend
on time. The results extend immediately, however, to the modifications of Estimators | and
Il mentioned in the last paragraph of Section 2. There are two reasons for this. Firstly, the
time-dependent weights of Estimators | and Il are predictable, so that the leading term on
the right hand side of (9) has expected value zero also for the modified estimators. Secondly,
conditional on the cohort history, those at risk in the subcohort at a given time constitute
a stratified random sample from everyone at risk, so the unbiasedness arguments based on
Conditions A and B also continue to hold for the modified Estimators | and Ill. Hence the
version of Estimator Il using time-dependent weights is score-unbiased, while this is not
the case for the modified Estimator I.
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As mentioned earlier, Estimator Il is not covered by the framework considered above.
The main reason for this is that the stratification and the weights used for this estimator
depend on the complete cohort hist@ty, making the integrand in the leading term on the
right hand side of (9) non-predictable. Thus this term no longer has expected value zero
and, as a consequence, Estimator Il is not score-unbiased.

4. Asymptotic Distribution and Variance Estimation

In their study of the asymptotic properties of the case-cohort estimator for simple random
sampling, Self and Prentice (1988) concentrated on the situation where the sulgtohort
is used as the “case-cohort sets” in (2) for tall Since stratified random sampling is
simple random sampling independently between strata, the asymptotic properties of the
corresponding Estimator | may be derived as a simple extension of their results. Following
Samuelsen (1989, 1997), we will here sketch the main steps in this derivation. Atthe end of
the section we discuss the extent to which similar results hold for the asymptotic distribution
of the other estimators considered in this paper.

So for the time being, we restrict our attention to Estimator | with time-fixed weights
wk = Ngk)/ Mgk We assume that;/n — v > 0 andm;/n; — 7 > 0 asn — oo, and
that, within each stratum, the regularity conditions of Self and Prentice (1988) hold when
simplified to the situation with exponential relative risk functiox) = exp(x). Write
G = C N S for the subset of the subcohort that belongs to strdtuamd introduce, for
y = 0, 1 (later we avoid boldfacing for = 0),

SYB.H =D VHZi() explBZi()}(ny/my), (12)

k€C|

as well as the corresponding cohort quanti8gs(3, t) obtained from (12) by omitting the
weights and summing ovér € §; instead ok € G. Then, in particular, we assume that
1/n; times (12) anuhflszf’)) (8, t) both converge (uniformly oves andt) in probability to
the same limit a® — oo. Further, fory = 0, 1, introduce

SV (Bt =) Vu)Zk(t)” expBZi(t)} = Z iy (B
k=1 1=1
and
L
sPB.H =) sY@.,
=1

and from these defing(3, t) andEx(3, t) as in (7).
We are then in position to take a look at the pseudo-score for Estimator I. To this end we
introduceU(3), the score for the full cohort, obtained by replach‘ﬂgi (B, ) by E(3, 1)
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in (8). The pseudo-score for Estimator |, evaluate@gtmay be decomposed as
U(Bo) = U(By) + ;{1 ~ (Nsg/ Msgo) 1} X (13)
wherely =1(k e 5), and
Xk = /OT {Zk(®) — E(Bo, O} V(D) exp[ﬁgzk(t)}s(cf’)(ﬁo, )~ dNL(t)

with N. = Z{‘Zl N;. By approximatingsg’) (Bo, 1)1 dN.(t) with ap(t) dt, it then follows
that the normalized pseudo-scare2U(3,) is asymptotically equivalent to

n~Y2U(B,) + n~Y/? Z{l — (Nsky/ Msgiy) i} X (14)
k=1
with
- /O {Zk®) — E(Bo. D} Yie®) explBpZic() Jero(t) clt. (15)

The leading term of (14) is the normalized score for the full cohort, and converges weakly
to a mean zero multivariate normal variate with a covariance matridndersen and

Gill 1982; see also Andersest al. 1993, Section VII.2). For the second term, we may,
conditional on the complete cohort history, apply the finite population large-sample result
of Lehmann (1975, pp. 39-40) separately within each stratum. Combining the results over
thelL strata, we then get that, conditional &, the second term of (14) converges weakly

to a mean zero multivariate normal variate with covariance matrix

1-7n
A:lzl:w - LA (16)

Here A is the limit in probability of the finite-population covariance matrix of tKg
within stratuml (which exists by our Self-Prentice type conditions). Then, by (3.9) in
Samuelsen (1997), it follows that the two terms in (14) are asymptotically independent, and
that the unconditional asymptotic distribution of the latter is the same as the conditional
one just mentioned. Finally, I&i(3) be the observed pseudo-information for Estimator I.
Thenn—1Z(3*) converges in probability to the asymptotic cohort information ma&ior
any 3" which is consistent foB,. The usual Taylor series expansions argument gives that
J/N(B — B,) converges weakly to a mean zero multivariate normal variate with covariance
matrix 2!+ 2 tAZtasn —» . N

The asymptotic covariance matrix gfn(3 — 3,) may be estimated consistently by
timesE ™ + S 'AS T HereS = Z(B) is the observed pseudo-informationGtwhile

L — ~
A:;”'(”'Tlml)AI (17)
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with A the empirical covariance matrix of the

Ri= [ 120 230} Y exBB Zu0)SP Bty TN v (18)
0
based on the sample from stratlmrhus
N 1 ST (@2
A= m Z Xk —=Xw) (19)
keC
whereXg, = m* Y, & Xk, anda® = ad for any vectora. By inserting (18) into (19)

and simplifying, one may alternatively write (19) as a double-integral. For simple random
sampling L = 1) we haveX, = 0, and it can be shown that this way of reformulating the
estimator will specialize to the expressions given by Self and Prentice (1988, p. 74) when
they are simplified to the situation with exponential relative risk function. As (17)—(19)
are the most convenient expressions for numerical purposes, we chose not to present this
alternative formulation.

So far we have in this section considered Estimator | with time-fixed weights. The
only difference between the time-fixed weights versions of Estimators | and Il is that,
when the case occurs outside the subcohort, Estimator Il swaps it with an individual in
the subcohort from the same stratum. This difference is asymptotically negligible as the
cohort and subcohort sizes increase. Thus the two estimators have the same asymptotic
distribution, and the variance estimator just mentioned applies for the time-fixed weights
version of Estimator Ill. Estimator Il is not asymptotically distributed as the other two.
Under suitable regularity conditions, however, the above arguments go through with only
small modifications for the time-fixed weights version of this estimator. In particular, for
variance estimation, one should replagem;, C andC, by, respectivelyn’, m°, C UD and
G\ Din (17)—(19).

When the weights depend on time, the score for Estimator | can no longer be decomposed
asin (13). We have not been able to derive the asymptotic distribution of the time-dependent
weights version of any of our estimators. But by inspecting the simple case where a
dichotomous stratification variable is the only covariate in the model, it can be shown that
the difference between the two versions of Estimator | is not asymptotically negligible.
As discussed in the last paragraph of Section 2, the time-dependent weights version of
Estimator | yields the full cohort likelihood when the stratification variable is the only
variable in the model and is thus fully efficient in this situation. However, with time-
fixed weights (16) does not vanish so the time-fixed weighted Estimator | will be less than
fully efficient. Thus one may expect to get an efficiency gain by using time-dependent
weights. The study of the asymptotic distribution of the versions of the estimators with
time-dependent weights is a topic for further research.

5. Asymptotic Relative Efficiency and Optimal Allocation

In this section we present some asymptotic efficiency results and discuss how one should
allocate the sampled individuals to the strata. Our calculations are based on the asymptotic
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results for Estimator | with time-fixed weights, but should be of relevance also for the other
estimators.

We assume that the covariate-vectdrsare time-fixed, that the population is partitioned
into strata according to the value of the stratification variaBles {1, ..., L}, and adoptan
i.i.d. model whergY; (1), Z;, Z;) are independent copies Of (), Z, Z). Then, by the law
of large numbersy = P(Z =1). Further we writep(t) = P(Y (t) = 1) for the probability
that an individual is at risk at time—, and introducep(s, t) = P(Y(s) = 1, Y(t) = 1).

As an exact evaluation of the quantities from Section 4 is quite involved, we assume,
as an approximation, that the distribution of the covariates among those at risk in a given
sampling stratum is constant over time. This is a reasonable assumption when the disease is
rare and there is “administrative censoring.” Then the usual asymptotic cohort information
(e.g., Anderseet al. 1993, Condition VII.2.1.e) simplifies to

® = (B2 - epy™Ele) [ phaot (20)
0

wheree(8y) = E{Z exp(B,2)}/E(exp(ByZ)}. From (15) it further follows thatd; =
E.{X?Z} — (E1{X0})®?, where E(-) = E(- | Z =) denotes the expectation within tré
stratum, and

Xo = f {Z — e(By)} Y (1) exp(ByZ o (t) dt.
0
Therefore, under our assumptions,

A = B |2 - epne®] [ [ ps tastso ds
0 Jo

! U 2 T 2
- (B(ze"?) — eBp)E 7)) < /O p(t)ao(t)dt> : (21)

For right-censored datp(s, t) = p(s Vv t), which simplifies the evaluation of the double
integral on the right-hand side of (21).

Before we illustrate how the approximations (20) and (21) may be used to compute
asymptotic efficiencies and optimal allocation rules for specific models, we need to define
a criterion to optimize. We will assume that one covariatg,is of prime importance in
the study and that we wish to minimize the asymptotic variangg olver the proportions
sampled from each stratum,, given a fixed overall subcohort sampling fractien

L
T = Z v 7, (22)
=1

from the cohort. (Remember from Section 4 thgtn — v andm,;/n; — 7 ash — 00.)
Thus we want to minimizéX"tAX~1)1; subject to the constraint (22). (We adopt the
notationA;; for the (i, j)th element of a matrixd.) Using (16) it is then fairly simple to
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show that the optimal sampling fractions are
(Z7rAZ )2

, 23
i ZJ!_:ZL OB N RS IEL (3)

=

i.e. it is optimal to choose they proportional ton; {(X~*A,;271)11}%2. This allocation
rule is similar to the well known Neyman allocation (e.g. Cochran 1977, p. 99) in classical
sampling theory.

In practice one may combine the optimal allocation rule (23) with the approximations
(20) and (21) to derive an allocation rule which is approximately optimal. To this end
one either needs a reasonable model for the covariates in order to evaluate the expected
values in (20) and (21) (analytically or by stochastic simulation), or one needs a data set
with a structure similar to the data set to be collected from which these expected values
may be estimated. A simplification is possible, however, wi&n Z) is independent of
Zy = (2o, ..., Zp). Forthen the entrie€l, j) and(i, 1) of (20) vanish for alli, j > 2,
so that the contributions fro®~* cancel in (23). It is therefore approximately optimal to
choose then, proportional ton {A11}¥2. Further if we write3y = (Bo1, Bp,)’, We have
under our assumptions

. E(Z,eP0?1) . 2
o = & (e - ) |

xE(eZﬂézZZ) / ‘ / " (s, Dao(S)ao(t) dst
0JO

E(ZyefnZ 2 N [T 2
- {E. (Z10%) — 7(&;30121) g (e’g‘“zl)} [E ()] ( /0 pb)ao(t) dt) .

This simplification may be useful, since it allows the expected values to be computed without

knowledge of the joint distribution of all the covariates.
We now consider two example situations that apply these results.

Example 1—One Binary Covariate. Let Z be a binary covariate, e.g., measuring the
absence{ = 0) or presence = 1) of exposure. We writgy = P(Z =1|Z =1)
for the fraction exposed in stratumand letr = >, ur, be the proportion exposed in the
population. Furthermore, in order to get nice analytic results, we approxiptiteand
p(s,t) by 1 for all s, t, corresponding to a situation with a rare event and no censoring.
Then EZ2%e%%) = E(Z€*%) = refo and Heo?) = 1 —r + refo, and the (scalar) cohort
information (20) takes the form

r(l—r)eb

When the subcohort is sampled by simple random sampling, we get in a similar manner
from (16) and (21),

_(A-mrd-r)eh [ r° 2
Agrs= AT 1Ty </0 ao(t)dt>. (25)
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Further, from (21),

_ n(@—r)eo ' 2
A| = m </O Olo(t) dt) , (26)

sothats—*A; 2~ =r (1 —r)/[r (1 — r)]2 Thus the optimal sampling fractions (23) for
stratified sampling of the subcohort becomes

[r (1 —rp]+?
Tl,opt =T s
|,opt Z] Uj [rj (1 _ rj)]l/Z

i.e., they are proportional tg'r; (1 — ry), independent of the value of the regression param-
eterpfo.
Now, assume that the overall sampling fraction is

T=MA-r +reﬂ°)/ ap(t) dt, (27)
0

corresponding (approximately) to a subcohort sizévbtimes the expected number of
cases. We further adopt the approximati@n- = )/7 ~ 1/7, valid when the subcohort is

a small fraction of the cohort. Then, from (16) and (24)—(27), the relative efficiencies of all
the case-cohort designs, relative to the full cohort take the form

-1 M

ARE = ~ ,
14 E1AET M+ Q{efo/(1—r +refo)2)

(28)

the differences between the designs being reflected in the valGe ofor the simple
case-cohort stud@gs = 1, while for the stratified designs with proportional and optimal
allocation to the strat®prop = Y, vi[r (1 —r)/r(d —r)]l and Qope = {d_y wlrn @ —r1)/

r (1—r)]¥2)2, respectively. By Schwarz’ inequality we have ARE< AREprop < AREqpt
with equality only when the fractions exposed are the same in all strata.

In Table 1 we present the approximate relative efficiencies (28) of the stratified designs
with two sampling strata (i.e. = 2) whene® = 2. As in Langholz and Borgan (1995)
these efficiencies are given as functions of the fraction expostbe sensitivity 1- o =
P(Z =2]| Z = 1) =ryv/r, and the specificty - 8 = P(Z =1| Z =0) =
(1 —rpv1/(A —r). When sensitivity and specificity are both 50%, we heye= r,, so
the efficiencies for these values of-lo and 1— g correspond to the ones for the simple
case-cohort design. The efficiencies relative to the full cohort are higher when 50% of
the individuals are exposed than when this is only the case for 5% of the cohort. From
the efficiencies for the optimal design we see, however, that the potential gain, by using
a stratified case-cohort design rather than the simple one, is largest when few individuals
are exposed. The efficiencies increase with increasing sensitivity and specificity, and this
increase is symmetric in+ « and 1— g for the optimal design and for the proportional
design when = 0.50. As a final point, we note that when 50% of the cohort is exposed,
the proportional and optimal design perform about equally well, while the latter is clearly
superior when only 5% of the individuals are exposed.
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Table 1. Approximate relative efficiencies in per cent for the optimal
and proportional stratified case-cohort designs versus a full cohort
study. The results are for one binary covaridtaith r = P(Z = 1)
when stratification is based on a binary surrogateith specificity

1— B and sensitivity 1« and the subcohort size equals the expected
number of cases (The relative efficiency of the case-cohort design
with simple random sampling is equal to those of the stratified designs
when sensitivity and specificity both equal 50%.)

(@)r =0.05
Proportional Optimal
1-8 1-8
l-« 0.50 0.70 0.90 0.50 0.70 0.90
0.50 355 35.7 37.3 355 36.5 40.8
0.70 35.7 36.4 394 36.5 39.6 47.3
0.90 36.2 37.4 42.4 40.8 47.3 60.5
(b)r =0.50
Proportional Optimal
1-8 1-p
l-« 0.50 0.70 0.90 0.50 0.70 0.90
0.50 52.9 54.0 58.2 52.9 54.0 58.4
0.70 54.0 57.3 64.3 54.0 57.3 64.7
0.90 58.2 64.3 75.8 58.4 64.7 75.8

3 Computed according to (28) withl = 1 assuming®o = 2, and withr
andr; adjusted to give the stated sensitivities and specificities.

Example 2—One Normal Covariatdn this example we assume that the covariate.g.,
measuring some exposure, is normally distributed within each of the two strata defined by
the surrogat € {1, 2}. More preciselyZ is standard normally distributed for surrogate
negative individualsZ = 1), while it is normally distributed with mean and standard
deviationo for surrogate positive individualZ(= 2). Conditional onZ = z, the failure

time T is assumed to have an exponential distribution with paraneg?, while the
censoring variable i8l = min(1, V) with V independent off and uniformly distributed

over [0 c] with ¢ > 1. In Table 2 we give approximate efficencies for this situation
for the simple case-cohort design as well as for the stratified designs with proportional
and optimal allocation to the strata. The optimal sampling fractions are also given. The
results are based on (20) and (21) substitutifig B t) for p(t) and using the moment
generating function of the normal distribution (and its derivatives) to evaluate the relevant
expected values. For all situations considered, the overall sampling fractiog=i§.10,

the true value of the regression parameteiis= 0.20, and the fraction surrogate positive

is v, = 0.10. Different values ofu ando are presented to illustrate the importance

of the distribution of the covariate among the surrogate negative and surrogate positive
individuals. The parameters, andc are adjusted to obtain a failure probability of 10%
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Table 2. Approximate relative efficiencies in per cent for the sim-
ple case-cohort design and for the stratified case-cohort designs
with proportional and optimal allocation versus the full cohort.
The results are for a single covariate normally distributed within
each stratum and for an overall sampling fraction and failure rate
of 10% (see text for details).

Approximate efficiencies Optimal sampling

fractions
m o Simple Proportional Optimal m; b2
(a) 20% censored
20 10 441 54.2 56.9 0.089 0.197
40 10 358 63.4 75.3  0.073 0.340
40 20 272 40.5 73.7 0.051 0.539
(b) 60% censored
20 1.0 403 48.7 52.1 0.088 0.209
40 1.0 323 53.5 69.2  0.071 0.365
40 20 242 34.3 67.8 0.052 0.534

and a probability of censoring of 20% or 60% before “the closure of the study” at time
t=1.

The main conclusion from the table, is that a substantial improvement of a case-cohort
study may be achieved using a stratified design. Not surprisingly, the gain increases with the
difference between the distribution of the covariate among surrogate negative and surrogate
positive individuals. When there is little variation in the covariate values within each stratum
(o = 1), the stratified case-cohort design with proportional allocation to the strata is quite
efficient. However, when the covariate values among the surrogate positive individuals are
highly variable & = 2), the design with optimal allocation is clearly superior.

6. A Simulation Study

The results of the previous section show that much can be gained by using a stratified
case-cohort design compared to the standard one where the subcohort is selected by sim-
ple random sampling. However, these results are derived for Estimator | with time-fixed
weights and are based on an approximation to the asymptotic distributions. Therefore they
are of no use in comparing the asymptotic equivalent Estimators | and Ill, to compare these
to Estimator Il, or to investigate whether the versions of the estimators with time-varying
weights may be better than their fixed-weights counterparts. In order to get some under-
standing for such problems, and to see whether the asymptotic results are representative for
what one gets in finite samples, we performed a small simulation study.

To this end we generated censored survival data from the model described in Example 2
in the previous section with 20% censoring. For all simulated data sets we computed
the full cohort estimator as well as estimators based on simple and stratified case-cohort
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Table 3. Average estimates gf (“ave”), empirical standard deviations (“sd”) and empirical
efficiencies relative to the full cohort (“ere”) based on repeated sampling of 1000 cohorts each
with 1000 individuals. The true value @fis 0.20 for all situations, while the baseline hazard

and the censoring distrubution are adjusted to get a failure probability of 10% and a probability
of censoring of 20% before= 1. The subcohort size im = 100, and only optimal sampling
fractions are considered for the stratified case-cohort designs. For the case-control designs, one
control is selected per case.

u=20=1 nw=4,0=1 u=4,0=2
Method ave sd ere ave sd ere ave sd ere
Full cohort 0.198 0.082 100 0.200 0.053 100 0.200 0.045 100
Self & Prentice 0.213 0.132 37.7 0.217 0.100 27.3 0.229 0.112 15.0
Est Il unstratified 0.213 0.129 39.3 0.215 0.093 32.0 0.219 0.087 24.9
Prentice 0.210 0.129 39.4 0.213 0.097 29.8 0.222 0.100 19.0
Est | time-fixed 0.202 0.115 50.1 0.200 0.064 70.3 0.200 0.053 72.0

Est | time varying 0.202 0.114 50.7 0.200 0.063 715 0.201 0.053 72.0
Est Il time-fixed 0.202 0.115 50.5 0.200 0.063 71.3 0.200 0.053 72.3
Estlltimevarying 0.202 0.114 50.8 0.200 0.062 72.6 0.201 0.053 72.3
Est I time-fixed 0.201 0.114 51.1 0.200 0.063 70.9 0.200 0.053 72.1
Estlll time varying 0.201 0.113 51.8 0.200 0.063 72.2 0.200 0.052 72.8
Nested case-control 0.205 0.129 40.1 0.208 0.093 32.2 0.209 0.085 27.2
Counter-matched 0.189 0.120 45.6 0.199 0.061 76.4 0.201 0.052 75.1

sampling. The simple and counter-matched nested case-control designs were also included
for comparison (Langholz and Borgan, 1995). For the unstratified case-cohort study, we
considered Self and Prentice’s estimator, Estimator Il specialized to the situation with only
one stratum, and Prentice’s original estimator. For the stratified design, Estimators Il
were considered both with time-fixed and time-varying weights. Table 3 gives the average
estimated regression parameter, the empirical standard deviation of these estimates, and the
empirical relative efficiencies for the three combinations of the parameters considered in
panel (a) of Table 2. The latter are computed as ratios between the empirical variance of
the cohort estimator and the sum of the empirical variances and the squares of the average
difference between the cohort estimator and the sampling based estimators. All results are
based on repeated sampling of 1000 cohorts, each with censored survival times for 1000
individuals (the same for all estimators). For the case-cohort designs the subcohort size is
100, equal to the expected number of failures. Only results for the stratified case-cohort
designs with optimal allocation to the strata (as given in the two rightmost columns of
Table 2) are presented.

All the stratified case-cohort estimators give almost identical results, and the small differ-
ences observed are of no practical importance. Nevertheless, it is worth noting that, for all
three methods, the version with time-dependent weights performs slightly better than the
one where the weights are time-fixed. Further Estimator Il performs consistently better
than Estimator I, while there is no clear ordering between Estimators Il and IIl. For the three
unstratified methods, the Self-Prentice estimator has the poorest performance. It is biased
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upwards and has consistently the largest standard deviation. Note also that the empirical
relative efficiencies are similar to, although somewhat lower than, the approximate ones
reported in Table 2.

In our simulations we also computed the variance estimator given in connection with (17)—
(19). The average estimated standard errors obtained by this procedure were, respectively,
0.111, 0.064, and 0.055 for the three situations considered in Table 3. This is in good
agreement with the empirical standard deviations reported in the table.

The two last lines of Table 3 give the results for the simple and counter-matched case-
control designs with one control selected per case. As these estimators automatically
adjust the number of controls according to the number of failures in the cohort, while
the subcohort size only on the average equals the number of failures, the results are not
completely comparable. Nevertheless, the results indicate that the case-control designs
have a performance which is approximately equal to that of the corresponding case-cohort
studies.

7. Discussion

Our results show that if a correlate of exposure is available for all cohort members, it can
be advantageous to stratify the sampling of the subcohort to over-represent more highly
exposed subjects. We indicated why the natural generalization of Prentice’s (1986) pseudo-
likelihood for simple random sampling is clearly inefficient for estimation of rate ratio
parameters. Estimator Il solves this problem while retaining score-unbiasedness. We
found little bias, however, in the other stratified estimators in our simulations. Based on the
observation that the time-dependent weight variants of the estimators bring the full cohort
marginal information about the stratification variable into the sample, we conjectured that
these estimators would be superior to the corresponding time-fixed weight versions. In fact,
our simulations showed a slight improvement in efficiency using time-dependent weights.
Further simulation studies of more complex situations and analyses of real data sets are
needed before definitive conclusions can be drawn on the importance of score-unbiasedness
and whether the use of time-dependent weights warrants the additional complexity in the
analysis. When comparing the stratified estimators, it is important to note that the data
requirements are not the same for all of these. Estimator Il requires full covariate histories
for the cases, while Estimators | and Il only need the cases’ covariate values at their
failure times. Furthermore, the time-dependent weights variants of the estimators require
knowledge of the at-risk-status of the full cohort, while this knowledge is only needed for
the subcohort for the estimators with time-fixed weights.

A few comments on our assumptions in Sections 3 and 4 are in order. In our study of
score-unbiasedness in Section 3 we assume that the stratified sampling of the subcohort
depends only on exposure information known at time zero and that the weights are pre-
dictable. This is crucial in order to be able to write the pseudoscore (9) for Estimator Il|
as a sum of a martingale and an additional term with mean zero. These assumptions are
not needed in Section 4, however, where the pseudoscore (13) is decomposed as a sum
of the score for the full cohort and an additional term depending on the sampling. There-
fore it causes no difficulties, in terms of large sample properties, if the stratification and
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weights depend on the full cohort history as is the case for Estimator 1. However, a more
involved use of the full cohort history than for Estimator Il can only be achieved for retro-
spective case-cohort studies where all events have already occurred when the sampling is
performed.

We have discussed variance estimation for the stratified case-cohort estimators with time-
fixed weights in Section 4. For simple random sampling the variance estimator given in
connection with (17) is a reformulation of the one given by Self and Prentice (1988). A
similar reformulation of the Self-Prentice covariance estimator is given by Therneau and
Li (1999), who show how their version of the estimator can be computed using standard
computer packages like Splus and SAS. Their approach may easily be modified to allow
computation of our variance estimators for the stratified estimators with time-fixed weights.
For the unstratified case, Lin and Ying (1993) and Barlow (1994) suggested an alternative
to the Self-Prentice covariance estimator. We have not investigated how their approach may
be adopted to stratified sampling, and whether it may be modified to handle the situation
with time-varying weights.

Zhou and Pepe (1995) present a procedure for missing covariate data in Cox regression
with auxiliary information which is similar to the case-cohort methods described here. Their
validation set plays the role of the subcohort in our setting, while their auxiliary covariate
corresponds to our surrogate. Some algebra shows that the denominators in their “estimated
partial likelihood” [(6) in their paper] equal the ones we use in our pseudo-likelihood
for the time-dependent weights version of Estimator |. The numerators differ, however,
since the covariates are known for cases occurring outside the subcohort in Estimator I,
while covariates for these cases are estimated from the validation set in the Zhou and Pepe
estimator. Another important difference is that Zhou and Pepe (1995) assume the validation
set to be a simple random sample from the full cohort, while our subcohort is selected by
stratified random sampling.

Important design questions for stratified case-cohort studi€g &x@v one should divide
the cohort into strata, an@) how many subjects one should choose from each stratum.
We discussedii) at length in Section 5, and showed how the rule (23) gives an optimal
allocation of the individuals to the strata. A strict implementation of this allocation rule
is problematic, however, since it depends on the covariate and censoring distributions,
none of which are known at the design stage. But, as intuition would predict, the rule
indicates that one should over-sample high risk strata where the variation of the exposure
tends to be large. Design questi@in is a difficult one. To answer this, one may, for
example, have to decide on the number of strata and how to categorize a continuous variable
used for creating strata. Further research is needed to get a better understanding of such
problems.
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